THE HOMOTOPY TYPE OF A POINCARE DUALITY 
COMPLEX AFTER LOOPING 



PIOTR BEBEN AND JIE WU 



Abstract. We give an answer to a weaker version of the classification prob- 
lem for the homotopy types of (n - 2)-connected closed orientable (2n - 1)- 
manifolds. Let n > 6 be an even integer, and X be a (n - 2)-connected 
finite orientable Poincare (2n - l)-complex such that H n ^ 1 (X;Q) = and 
H n - 1 (X;Z 2 ) = 0. Then its loop space homotopy type is uniquely determined 
by the action of higher Bockstein operations on H n ~ (X;T, P ) for each odd 
prime p. A stronger result is obtained when localized at odd primes. 



II 

1. Introduction 

A connected space X is said to satisfy Poincare duality with respect to a coeffi- 
cient ring R if the cap product 

enH\X;R) H n ^{X;R) 

is an isomorphism for each < i < n, and some fixed nonzero class e 6 H n (X; R). 
These isomorphisms lead to additional restraints on the cohomology ring. For if we 
fix R to be a field, then for each i > n we have 

H\X;R) = 0, 

and 

H n -\X-R) = H l {X-R), 
for < i < n. In particular, H n (X; R) = H°(X; R) = R, and the cup product pairing 

H l (X; R) ® H n -\X;R) H n (X;R) = R 
is nonsingular for each i, meaning the maps 

H n -\X; R) Hom(H\X; R), R) 

H\X; R) — ► Hom(H n -\X; i?), R) 

induced by the above pairing are isomorphisms. Consequently, every nonzero ele- 
ment x e H n ^{X\ R) corresponds to a nonzeo element y e H l (X; R) such that the 
cup product xy is nonzero in H n (X; R) = R. 

A CW-complex P is said to be an orientable Poincare complex if it satisfies 
Poincare duality with respect to all choices of coefficient ring R (see [10] for the 
non- orientable definition). We say P is finite if it is finite as a CVF-complex. The 
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dimension of P is the highest degree n in which there is a nonzero element in its 
Z-cohomology, in which case we say P is a Poincare n-complex. 

The preceding definitions become meaningful through the fact that any closed 
orientable n-manifold has the homotopy type of a finite Poincare n-complex. The 
classification of homotopy types of manifolds is therefore more fittingly phrased 
in terms of classification of Poincare complexes. The usual procedure is to first 
discard the local properties of manifolds, and to use homotopy theoretic techniques 
to classify homotopy types of some chosen category of Poincare complexes. Local 
properties come into the picture again when lifting the classification to the relevant 
category of manifolds. 

Most work to date has involved the classification of low dimensional manifolds 
(see [10] for a more complete survey). That 1-connected Poincare 2-complexes and 
Poincare 3-complexes have the homotopy type of a 2-sphere and 3-sphere respec- 
tively is an easy consequence of Poincare duality and the Hurewicz homomorphism. 
Milnor [12] showed that the Z-cohomology ring classifies 1-connected Poincare 4- 
complexes, while Stocker [15] gave a list of four algebraic invariants that classify 
the homotopy types of 1-connected orientable Poincare 5-complexes. 

Little is known beyond these dimensions. In the highly connected case, (n - 1)- 
connected Poincare 2n-complexes have been classified by Whitehead and Wall [T7] , 
while Sasao and Takahashi [T3] gave a partial solution for (n-l)-connected Poincare 
(2n + 2)-complexes. 

The next natural step in the hierarchy of difficulty is the classification of (n-1)- 
connected Poincare (2n + l)-complexes. Though this is still generally an open 
problem, we will apply two homotopy theoretic simplifications that allow us to 
solve it. First, we consider the classification problem after our spaces have been 
localized at some prime p. The motivation here is that localized spaces are much 
simpler from the perspective of homotopy theory, yet they retain a good chunk of 
the homotopy theoretic information from the original space. If one succeeds working 
at individual primes, it is sometimes possible to lift the results to the category of 
integral spaces (see [TB] for a better introduction to this philosophy, or [JjT] for some 
of the basic properties). 

Second, we consider the classification problem after looping our spaces. Here one 
can often use the associative iJ-space structure on loop spaces to decompose them 
up to homotopy as a weak product of simpler spaces. Spaces that are not homotopy 
equivalent sometimes have the same loop space homotopy decompositions, so it is 
reasonable to expect that a loop space homotopy classification will be simpler. 
Recalling the adjoint isomorphism [EX, Y] — * [X, SlY] of homotopy class groups, 
one can appreciate that a loop space homotopy classification is for many practical 
purposes just as good as a homotopy classification of the original spaces. 

Let the homology Bockstein operation 

fi r . H*(X; Z p ) — ► iJ*_i(X;Z p ) 

be the composite H*(X;Z P ) ii*_i(X; Zz pT ) ff*-i(X;Z p ), where p r is the 
connecting map in the homology long exact sequence associated with the short 
exact sequence 

— ► Z p r — ► Zpr+i — s* Z p — 8* 0, 

and p r is induced by the reduction map Z p r — ► Z p . Then j3 r where 1 < t < r 
detects Z p t summands in the integral homology of X. Taking duals one obtains the 
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cohomology Bocksteins 

(3 r :H*(X;Z p ) H* +1 (X;Z p ) 

with similar properties. 

Our main result is that under a few assumptions, loop space homotopy type s 
are uniquely determined by rational cohomology and the action of the Bocksteins 
operations f3 r . 

Theorem 1.1. Fix m > 2, and let M and M' be (2m - 2)-connected closed ori- 
entable (4m-l) -manifolds (or more generally finite orientable Poincare complexes) . 
Consider the following conditions: 

(1) ^(^^(MjZp)) = (3 i (H 2m - 1 (M';Z p )) for each i > and some prime p; 

(2) H 2m ' 1 (M ; Q) = ff^-^M'jQ); 
■Z 2 )) = H 2m - 1 (M';Z 2 )) = 0; 

= H 2m - 1 (M';Q) =0. 



(3) H 2 " 1 ' 1 ^ 

(4) H^-^M 



(i) There is a homotopy equivalence localized at an odd prime p 

QM (p) * QM' (p) 

if and only if conditions (1) and (2) hold. 

(ii) If conditions (3) and (4) hold, then there is a homotopy equiv- 
alence 

Q.M =; OM' 

i/ and only if condition (1) ftoWs for all odd primes p. 

□ 

Remark 1.2. There seems to be no reason that condition (4) is necessary in part 
(ii), but our chosen path to proof is streamlined by keeping this condition. 



Remark 1.3. Theorem \l.l\ seems to suggest that the loop space homotopy type is 
independent of cup product structure on the cohomology of these manifolds. This is 
not a total independence, for one can easily construct CW -complexes with cohomol- 
ogy groups that are isomorphic to these manifolds, but whose loop space homotopy 
type is distinct. Such CW -complexes will invariably have a cohomology ring that 
does not satisfy Poincare duality. 

The layout of the paper is as follows. We will first prove the p-local classification 
of these manifolds under the guise of mod-p Poincare complexes. The lead up to this 
is Section [31 where the mod-p loop space homology of much more general classes 
of mod-p Poincare duality complexes are computed. The results therein are used 
in Section [4] to derive additional structure on the mod-p cohomology rings of the 
manifolds in question, which in turn is necessary for constructing a certain map 
(Section [6l equation l|15[)) whose looping has a right homotopy inverse. This allows 
us to compute the homotopy type by decomposing the loop space in question, and 
thereby arrive at a p-local classification. The p-local results are finally consolidated 
in Section [3 and the integral classification is obtained. 

2. mod-p Poincare Complexes 

If X is a 1-connected finite type CW-complex and p a prime number, recall 

t . = 

that the p- localization map X — ► X^ induces a ring isomorphism H* (X;Z P ) — > 

H*(X( p y, Z p ), and Xr p \ has a, p-local CW-structure (i.e. consisting of p-local cells, 
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whose attaching maps are maps of p-localized spheres into p-local subcomplcxcs) 
with p-local cells in one-to-one correspondancc with generators of the Z p -modulc 
H*(X( p y,Z p ). Because an orientable Poincare complex P satisfies Poincare duality 
on mod-p homology for any prime p, then so does its p- localization P( p ) . 

It will be convenient to make use the more general concept of a mod-p Poincare 
complex, as opposed to working with the p-localization P( p ) of a finite orientable 
Poincare complex P. Here we define a mod-p Poincare complex Q to be a finite 
p-local CW-complex satisfying Poincare Duality on its mod-p cohomology. The 
dimension n is the highest degree in which there is a nonzero element in its mod-p 
cohomology, and one says Q is finite if it has a finite number of p-local cells. The 
(n - l)-skeleton of Q in the p-local sense will be denoted by Q. Because the mod-p 
cohomology generators of a p-local space are in one-to-one correspondance with its 
p-local cells, one can see that Q is the cofibre of some map S™~J — ► Q. 

Fix n > 3 and k > 1. We let 7~k,n denote the set of classes of homotopy types of 
mod-p Poincare (2n - l)-complexes subject to the following conditions: the class 
[W] is in T k p n if and only if 

(f ) W is (n - 2)-connected; 
(2) fP-^WjZp) has rank k. 

Fix some class [W] e TE . By mod-p Poincare duality and the first condition above, 
the Zp-submodulc H*(W;Z P ) of H*(W;Z P ) is described by an isomorphism 

(1) H*(W;Z p )=Z p {x*,y*\l<i<k}, 

where \x*\ = n - 1, \y*\ = n. We can and will choose the basis for H*(W;Z p ) to 
satisfy the following the conditions: there is an integer k\, with < k\ < k, such 
that whenever 1 < i < k\, the action of the Bockstcin operations on H*(W;Z p ) 
satisfy 

for some choice of integer > (depending on i), and whenever k\ < i < k we have 



for each r > 0. 

Next, recall that for any group G, a Moore space M(G,m) is unique up to 
homotopy type. Thus M{G\ e G 2 , m) ~ M{G\, m) v M(G 2 , m). With these things 
given, there exists a splitting of W as a wedge sum of p-localized Moore spaces 
P n (p Ti ) for i < k\ corresponding to the action of j3 Ti on x*, and p-localized spheres 
and S n corresponding to the generators x* and y* for fci < i < k. In other 

words 

(2) W Hp) \/ P n {p r >)v \/ {S n ~ l vS n ). 

l<i<k\ k\<i<k 

Fixing some generator z* e H 2n ~ 1 (W;Z p ) = Z p , the cup product structure on 
H*(W;Z p ) is described by a k x k Z p -matrix representation 

A z * = (aij) 

where y*x* = aijZ*. Set fc 2 = k - k\. We partition A z * into the block form 

« 3 » A '-{ B c: t) 
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where B z *, C z », D z *, E z * are respectively matrices of dimensions k\xk\, x fci, 
k\ x fe, fexfe. Since Poincare Duality implies the cup product pairing as described 
above is nonsingular, the matrix A z * is nonsingular. 

Proposition 2.1. Given a class [W] e 7 fc p „ and a generator z* e H 2n ~ 1 (W;Zp) 
where n > 3 ; t/ie nonsingular A z * is such that C z * is the zero k\ x fc 2 matrix, and 
B z * is symmetric when n is even, and skew symmetric when n is odd. 

Since a k x fc skew symmetric matrix is nonsingular if and only if k even, the 
following is immediate: 

Corollary 2.2. There exist no classes [W] e 7^ +1 2m+1 swc/i that i/ 2 ™" 1 ^; Q) = 
or iJ 2m (VF;Q) = 0. 

We will therefore focus on those classes [W] 6 7? for n even. The above 
statements will proved in the next two sections. We see that the homotopy type of 
n\V is completely classified by rational cohomology and the action of the Bocksteins 
operations. 

Theorem 2.3. Let [W], [W] e T£ 2m and m>2. Then QW - QW' if and only if 
the following are satisfied: 

(1) F 2m_1 (W;Q) = H 2m - 1 (W';Q); 

(2) j S i (H 2m - 1 (W;Z p ))£jSi(fi* B " 1 (^';Zp)) for each i>0. 

a 

We will suppress the subscript (p) notation until the last section of this paper, 
and assume that all our spaces are p-local, or localized at p where appropriate, for 
some fixed odd prime p. Any reference to a CW-structure on a p-local space is 
always taken to be in the p-local sense. 



3. Mod-p Loop Space Homology 

Keep p fixed as an odd prime number. Let P be a finite type CW^-complex, P 
be the cofibre of some map 

a-.S"- 1 ^P 

for some fixed integer n > 3, and 

i\P — ► P 

denote the inclusion. Let 

be the adjoint of a. Since i o a' is null nomotopic, the algebra map 
(M)*:H*(nP;R) ^H*(nP;R) 

factors through a map 

(4) 6:H*(nP;R)/I — ► H*(nP;R), 

for any ring R, where I is the two-sided ideal generated by the image of of a\ in 
degree n-2. 

The conditions under which 9 is a Hopf Algebra isomorphism is called the cell 
attachment problem. This has been studied by Anick pQ, Bubenik 3^, Felix and 
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Thomas [5], and Halperin, Hess, and Lemaire [HJ El HI [9] • Lemaire [IT] found that 
9 is a Hopf algebra isomorphism whenever the morphism of graded R- vector spaces 

Tor;:Tor^ nP < R \R,R) — Tor^^' 1 (R, R) 

induced by the canonical surjection H*(ttX; R) — >■ H*(flX;R)/I is bijective, and 
R is a vector space of characteristic p. 

Our goal in this section will be to fix R = Z p , and under a few assumptions on P, 
to find conditions on the cohomology ring H*(OP;Z p ) making 8 is a Hopf algebra 
isomorphism. Many highly connected mod-p Poincare complexes are covered under 
these conditions, including the ones dealt with in this paper. We compute the 
ideal / in Proposition ^. 21 and in Theorem 13. 51 use a Leray-Serre spectral sequence 
approach to arrive at the Hopf algebra isomorphism 9. 

Let us fix any integer m > 1 such that n > m. Assume our CW-complex P 
is (m - l)-connected n-dimensional, with mod-p reduced homology generated by 
ai,..., at and z, where 

m = \a\\ < |a,2 1 < ••• < \ai\ < \z\ = n. 

Whenever ja^l + \aj\ = n, we let the integer be such that a* a* = CijZ* , where a*, 
a*, z* are the cohomology duals of aj, a,j and z. In addition, we make the following 
assumptions: 

(1) dimP < dimP, meaning P is the (n - l)-skeleton of P; 

(2) 3(m - 1) > n - 2 and n is odd; 

(3) P = S 2 X for some X. 

As P is homotopy equialent to a suspension, cup products are trivial on H * (P; Z p ) £ 
H*(P;Z p ), implying the cy's describe the cup-product structure for H*(P;Z p ). 

Consider the mod-p homology Serre spectral sequences E and E for the path 
fibrations of P and P, and the morphism of spectral sequences 

r-E — s- p 

induced by the inclusion P — >■ P. Here we have 

El, = P,(P;Z p )®P,(fiP;Z p ), 

=H*(P;l, p )®H*(nP;Z p ). 
The corresponding mod-p cohomology spectral sequences are labelled by switching 
subscripts with superscripts as is standard. 

Since P is homotopy equivalent to a suspension E 2 A, the basis elements cij of 
P»(P;Z p ) and P*(P;Z p ) are transgressive. Thus, let 

u i = r(a i )eff»(nP;Z p ) ! 

be the transgressions of the a,'s. Note that there is a Hopf algebra isomorphism 

/P(OP;Z p ) = T(^(EX;Z p )) = T(wi, . . .,u t ). 

Since EX is a suspension, cup products on P*(EA;Z p )) are trivial, implying the 
algebra generators Ui are primitive. The algebra map satisfies (tti)*(ug) = ug. 

Then on the second page of spectral sequences, 

7 2 (1 <S> Ui) = 1 ® Ui 

7 2 (a l ® 1) = ai ® 1. 
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Fix to' to be the smallest integer such that there is a Cij prime to p for some i 
and j satisfying i < j and \ai\ = to'. If no such integer exists, set to' = \z\ = n. Wc 
now state some properties of the spectral sequences E and E. 

Proposition 3.1. The following hold: 

(i) The kernel of the map 

(fli)*:H n - 2 (nP;Z p ) H n - 2 (nP;Z p ) 

is generated by a'^(i n -2), where t n _ 2 6 H*(S n ~ 2 ;Z p ) = 1> p is a gen- 
erator. 

When to' = n, we have a'^(i„_2) = 0. 

(ii) driETj) = {0} for 2 < r < i, and d r (E^) = {0} for 2 < r < i and 
it n. 

(hi) d r (z®l) = for r < m' , so z®l survives to E™ . The differential 



E 



n,0 



E 



satisfies 

d m \z® 1) 

(iv) The map 

I 1,3 1,3 

is an isomorphism for 2 <r <i, j<n-2,i + n-m', and i + n. It is 
also an isomorphism for 2 < r <i, i = n - to' and j < m' - 1. When 
i = 0, it is an isomorphism for j < n - 2 and all r > 2. 

(v) When m! < n, the map 



\-\) m ' Y, Cijiaj ® Ul ), ifm'<n\ 

\ai\=m' ,\aj\=n-m' 

^1 ® t(z) + 0, if to' = n. 



e: 



-m' '.77i' '— 1 



E 



n-m' ,m'—l 



is an isomorphism for r> n-m' and 2 < r < to', and the projection 
of the element 



C = (-i) r 



E 



\ai \=m' ,\aj \=n—m' 

generates its kernel for (to' + 1) < r < n-m' . 

(vi) The projection of 1 ® (a')*(tn-2) t° E r Q n _ 2 generates the kernel 
of 



E, 



0,n-2 



for 2 < r < n - m'. 

Proof of part (i). Observe there is the following homotopy commmutative diagram 

gn-l p p 

(5) 




where the top row is the cofibration sequence for the map a, F is the homotopy 
fibre of the inclusion P — P, the bottom row corresponding homotopy fibration 
sequence, and £ is some lift. Since P P induces an isomorphism on mod-p 



8 



PIOTR BEBEN AND JIE WU 



homology in degrees less than n, F is at least (n - 2)-connected. It is well known 
that fibres and cofibres agree in the stable range. That is, the lift £ induces an 
isomorphism on mod-p homology in degrees less than m + n — 1. Thus I is an 
inclusion into the bottom sphere inducing in isomorphism in degree n — 1 mod-p 

homology, and the adjoint S n ~ 2 —*■ CiF of I induces an isomorphism in degree n-2. 
By the mod-p homology Serre exact sequence for the homotopy fibration 

the image of (f2/)» is equal to the kernel of (£li)* in degree n - 2. By the left 
homotopy commutative square in diagram ([5]), a' is homotopic to 

S n-2 np jV n p 

Since I' induces an isomorphism in degree n-2, the element a' t (i n -2) must generate 
the kernel of (fh)* in degree n-2. 

To see that a*(t n _2) = whenever ml = n, by part (iv) the map 

r. pr pr 

/ ' r.n-r-1 r,n-r-l 

is an isomorphism for r > 2. Since E°° = E°° = {0}, E r +]_ 2 = ,,,.^"' 2 T , and 

77T+1 _ Ep.n-2 fV,™ 

T. pr pr 

7 ■ ^0,11-2 ^0,71-2 

is an isomorphism for all r > 2. Since a' < .(i„_2) generates the kernel of (^H)* in 
degree n-2, 1 ® a^(i n - 2 ) e E 2 n _ 2 generates the kernel of 7 2 . But j 2 being an 
isomorphism implies 1 ® a',.(i n -2) = 0, so ot'^in-2) = 0. 

□ 

Proof of part (ii). Since path fibrations are principal fibrations, differentials for the 
spectral sequence of E for the path fibration of P satisfy 

d r (a®b) = (l®6)J r (a® 1) 

for any a, b. Similarly for the spectral sequence E for the path fibration of P. 
Since the elements en ® 1 e E 2 a ,| are transgressive, 

(f (a, ® 1) = 

for r < \di\. Since 7 2 (a^ ® 1) = a .; ® 1 e E?. , the result follows by naturality of 
spectral sequences. 

□ 

Proof of part (in). In si"* we have the differentials 

d| 0< |(l ® it*) = a* ® l,d |ai| (a. i ® 1) = 1® u i} 

where u* and a* are the mod-p cohomology duals. Since we assume |ai| < ••• < \ag\, 
then |ai| = min{|ai|, . . . , \ap\}. When |aj| + \a,j\ = n we have 

d m >(a*®u-) = (-l) m '(a*®l)d m -(l®u*) 

= (-ir'( a ;<)®i 

= (-l) m 'cijZ* ® 1 
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Since Cij is divisible by p whenever |aj| + |ai| = n and |oj| < to', then d\ aj \(a* <8>u*) = 0. 
Then for r < to' the differentials 

in the cohomology spectral sequence for the path fibration of P are zero. By duality 
of the spectral sequence, d r (z ® 1) = when r <m', and so we can project z ® 1 to 

Trim' 

^71,0- 

When m' = \z\ = n, we see that z ® 1 is transgressive, with 

d n (z ® 1) = w 

for some nonzero w e EQ n _ x . On the other hand, when to' < n, we have some 
integers such that 

d m '(z®l)= ]T c'^iajQUi) 

\<ii \=m' ,\aj \=n-m' 

From the duality of the spectral sequence, 

(-l) m '^ = ((-l) m 'c 4 ^*,z) = (d m ,(a*®u*),z) 

a* <S> u. 



eT'(z® 1)) 
a*®u*, Y, c' st a s ® u t \ = 4 

\a s \=m' ,\a+ \=n—m' I 



a 



Proof of part (iv). Since the inclusion P — -* P induces isomorphisms Hi{P) — *-+ 
Hi(P) for i * n, by the Serre homology exact sequences for the path fibrations of 

P and P, the map flP —> QP induces isomorphisms Hi(flP) ^ — I* Hi(flP) for 

_ ^2 

i<n- 2. Therefore E\ - -U E\- is an isomorphism for i + n and j < n - 2. 

By parts (ii) and (Hi), elements in E\ ^ are in the image of a differential d r only 
when i = 0, or when i = n - m' , r = to', and j > m' - 1. By part (ii) differentials d r 
are zero on E\^ when i + n and 2 < r < i. The above also holds true for the spectral 

sequence E in place of E. Therefore 7 2 extends to isomorphisms £J" • E\^ for 
2<r<i, j<n-2,i + n- m' , and i + n, or when 2 < r < i, i = n-m' and j < to' - 1. 

— -y r 

For the case i = 0, suppose by induction E r j — > ■ is an isomorphism for some 

r > 2 and j < n - 2. This is true when r = 2. As we saw above -_ r+1 — ► E r r ^_ r+1 
is an isomorphism when r * n-m', r + n, and r > 2. Therefore it is an isomorphism 
for all choices of (r,j - r + 1) laying on the positive quadrant with j < n - 2 (since 
j < n - 2 implies j - r + 1 < to' - 1 whenever r = n-m', and r < n whenever 

j - r + 1 = 0). Since = ^^y, and E$ = ^g^ , then ^ 
is also an isomorphism, and the induction is finished. 

□ 

2 

Proof of part (v). From the proof of part (iv), E 2 i _ m , m ,_ 1 — ► ^n-m',m'-i is an 

isomorphism. That extends to isomorphisms E r n _ m , m ,_ x E r n _ m , m ,_ 1 for 
2 < r < to' follows by parts (ii) and (Hi). 
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Since E™^, m ,_ x = p"^ 1 , C generates the kernel of E^, m ,_ x — ► E™_£ m ,_ x 
We have E r n _ m , m ,_ x = E r n _ m , m ,_ x and E r n _ m , m ,_ x = E r n _ m , m ,_ x for m! + 1 < r < 
n - m' following from part (m). Hence the projection of £ generates the kernel of 

K-m',m'-l E n-m',m'-l for m' + 1 < r < n - m'. 

a 

Proof of part (vi). By part (i), (a')*(i n _2) generates the kernel of (fM)*, so 1 ® 

7 2 

(a') H .(t„_2) generates the kernel of Eq 2 — ► Eg n _ 2 . 

Fix some 2 < r < n - m' , and suppose the projection of 1 ® (&') *(t, n -2) generates 

the kernel of E 7 Qn _ 2 — ► E^ n _ 2 . 

— 'y 7 

Recall from part (iv) that E r rn _ r _ x — > E r rn _ r _ 1 is an isomorphism for 2 < r < 
n - m! . Then because E 7 ^_ 2 = d ,-(g°'"~ 2 — r and £o,n-2 = d r (E 1 '™ 2 — J' P r °j ec tion 

of 1 ® {a')*{i n -2) also generates the kernel of -Eon-2 — * an d the result 

follows by induction. 

□ 

In the next lemma we use the following sets for indexing: 

A,fc = {(i,j)\k <i<j<£, \ai\ = s, \aj\ = n- s}, 

B k = \jA g< k = {(i,j)\k <i<j<i, \cti\ + \aj\ = n}. 

s 

Proposition 3.2. Set n = \^\- Consider the following elements in H n -2(QP;Z P ) 
for m < s < rj: 

where we use the graded Lie bracket 

[Ui,Uj] = WjUj - (-1)'"*''%^. 

Let m' > m be the smallest integer such that there is a Cij prime to p for some i < j , 
with i satisfying |<ij| = m! . If no such integer exists, set ml = \z\ = n. 
There exist integers b m ,b m+ i, . . . , b v , each prime to p, such that 

n 

We will prove Proposition 13.21 using an inductive argument on the skeleta of P. 
We describe the setup for this before diving into the proof. 

Since |ai| < ••• < \ae\, one can take the subcomplex Yk of P, with i2*(Yfc;Z p ) 
generated by ai,...,ak- Here Ye = P, and Yq is a point. Let us consider the 
quotients P/Y k and P/Y k . Note P/Y = P, P/Y Q = P, P/Y e = S n , and P/Y e = *. 
Abusing notation, P/Yk has reduced mod-p homology generated by au+i , ■ ■ ■ , at, and 
the single degree n generator z. The non-trivial cup products on H*(P/Yk]Z p ) are 
described by a*a* = CijZ* whenever |cij| + |aj| = n, and j > fc. We fix to be the 
smallest integer so that there is a prime to p for some i and j satisfying k < i < j 
and |dj| = mk. If no such integer exists, set = \z\ = n. 
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The (n-l)-skeleton P/Y k is P/Y k . Let a k :S n ^ — > P/Y k be the attaching map 
for the single n-cell of P/Yk, 

a' k :S n - 2 ^nP/Y k 

be the adjoint of a k , and 

ik--P/Y k ^P/Y k 

the inclusion of the (n- l)-skeleton. 

Let (E k ) and (E k ) be the mod-p homology spectral sequence for the path-space 
hbration of P/Y k and P/Y k respectively, and 

r .(E k )^(E k ) 

be the morphism of spectral sequences induced by i k . 

Since P is a double suspension, so is P/Y k . Then just as before, we have gener- 
ators u k+1 , ...,u e e HttttP/Yk-i^Zp), and u k +i, ■ ■ ■ ,ue e H*(tt(P/Y k -i);Z p ), that 
are the trangressives of a k+ \, . . . , at, with the Mi's being primitive. 

Remark 3.3. The spaces P/Y k satisfy the same basic properties as P outlined at 
the beginning of the section. Then Provosition \3.1\ applies for P/Y k in place of P. 

More precisely, in Provosition \3.1\ we can take PjY k , P/Y k , a k , i k , (E k ), (E k ), 
and m k in place of P, P, a, i, E, E, and m' respectively. The sums in parts (ii) 
and (Hi) of Proposition [3~l\ are taken with respect to the basis elements a k+ \, . . . ,ai 
ofH*(P/Y k ;Z p ). 

Proof of Proposition \3.°A The proof proceeds using induction. At each stage we 
show that the proposition holds for each quotient P/Y k in place of P. The induction 
starts with the base case P/Ye = S n and ends with P/Yq = P. 

Assume Proposition 13 . 21 holds for the quotient P/Yk, for some 1 < k < £. That is, 
let us assume (o4)*(in-2) = Xk, where we set 

n 

Xk= Y, (- 1 ) S& s^,fc, 

«=|ttfc+l| 

and 

(i,j)eA s , k 

in i3*(ft(P/Y fe );Z p ). The base case k = i and P/Y t = S n is clearly true. 
Since P/Y k -\ is a double suspension, the elements u k , . . . ,ui in 

H*(Sl(P/Y k - 1 );'L v )=T(u k ,...,u l ) 

are primitive. Since 3(m - 1) > n - 2, iJ„_2(0(P/Yfc_i); Z p ) has no monomials 
of length greater than 2, and so the brackets subject to (i,j) € B k -\ 

form a basis for the primitives in Zf n _2(fi(P/Yfc);Z p ) (note that n is odd im- 
plies i t j). Because t n _2 is primitive, (of^,_ 1 )*(t n -2) is a primitive element in 
i? n _2(51(P/Yfc_i); Z p ), and so for some integers c^- we can set 

(a4-l)*(in-2) = E c «["i>%]- 
(ij')eBfc-i 

Take the quotient map 



9fe _ i: p/y fc _i 
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Observe that ak factors as qk-i ° ak-i, so a' k factors as 

a' k -.s n - 2 °h n(p/yfc_!) ^ n(P/Y k ). 

Since the algebra map (ftqk-i)* sends to M, for z > k, and Ufe to 0, in H n -2(Q(P/Yk); Z p ) 
we have 

(a' fc )*(t n - 2 ) = J] c-j-["*'%]- 

But (a^)*(i n _2) = Xfc by our inductive assumption, so by comparing coefficients 

c"j = (-l) |Ql| 6| Qi! c„- 

whenever e Bk- That is, whenever k < i < j < £ and |a,| + \a,j \ = n. Therefore, 
in order to show 

') 

(6) ("fc-i)*(tn-2) =Xk-i = X) (-l)*6 a K S) A-i, 

s=| a k 

where 

we note that ^4| afc | fc £ ^l| a]fc |,fc-i and *4 s ,fc = A s ,k-i when s > |a,fc|, and so we are left 
to show there exists an integer b\ ak \ prime to p such that c'/j = (-l)' afc '6| afc |Cij ■, for i 
and j satisfying k < i < j, \a,i\ = |afc|, and |dj| + |oj| = n. 
Using Remark [33] and part (Hi) of Proposition IQ1 

f (_!)"»«. £ djfajVUi), iim k <n 

(7) d m "(z®l)=j | ai |=m fe ,|a3[=n-m* 

[l<8)r(z), if rrifc = |^| = n 

for some nonzero 1 ® r(z) e (i? fe _ 1 )g™* 1 . 
By part (v) of Proposition 13. 11 the map 

( 8 ) i r '-( E k-l)n- mk ,m k -l * ( E k-l)n- mk ,m k -l 

is an isomorphism for 2 < r < mk , and the following element 

(9) C=(-l)" lfc E c,j(oj®«i) 

l a i| =m fe :\ a j \=n— m k 

in (Ek-i)n- m . mk -i> with the sum taken with respect to the basis a&,...,a^ of 
H tt (P/Yk-i;Z p ), generates the kernel of Y for m^+l < r < n-rrik (note: J r (^_i)^_ _j 
{0} for r in this range, so we can project £). 

By part (i) of Proposition [3TTI (aJ £ _ 1 )*(i, i -2) generates the kernel of 

(ni fc _ 1 )*: J ff„_ 2 (n(P/n_i);Z p ) ^ ff n _ 2 (0(P/y fe _ 1 );Z p ), 
and by part (wi), the projection of 1 ® (a4_i)*( i n-2) generates the kernel of 

(10) 7 r :(^-i)an- 2 ^(^-i)S, n -2 
for 2 < r < n - rrik . In particular 

7 r (l®(a' fe _ 1 )*(^- 2 )) = 

for r > 2. 

We now return to showing there exists a 6| afe prime to p such that = (-l)' afc '6| Qfc |Cij 
for i and j such that k < i < j, \ai\ = \dk\, and |<ij| + \aj\ = n. The case = |z| = n 
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is easy. Here we have dj = for each choice of and (a^._ 1 )*(t n _2) = by Re- 
mark [33] and part (i) of Proposition 13.11 Then cjy = 0, and we can set b\ ak \ = 1. 
Let us therefore focus on the case rrik < n. Fix q = \ak\- By definition rrik > g, and 
since rrik < n and n is odd, q < n - q. 

Let us again recall that path fibrations are principal fibrations, and so our dif- 
ferentials satisfy d r (a ® b) = (1 <8> b)d r (a <g> 1) and d r (a ® 6) = (1 ® b)d r (a ® 1). 

Consider the following element 

(ii) c"= E 

[aj[=<?,|a* \=n—q 

in (-Bfe-i)^_ 9! g_i for 2 < r < n-q. Since S a ^(ai®Uj) = ISiiijUt in )[^^_ 2 , then 

1 ®UjUi = in (£^_i)q n _ 2 when r > |a,|, and so 1 ® Uj] = 1 ®UiUj in (i^fe_i)o „_ 2 
under the condition that \a.i\ < \aj\. Because q = \a,k\ = min{etfc, . . . ,ag}, n - q is the 
largest possible degree of an element aj e {a>k+i, ■ ■ ■ ,ai) such that \a,i \ + \aj \ = n for 
some other element ai. Then 1 ® (a' k -i) * ( L n-2) = in (-Efc-i)on-2 for r > n-g since 
it cannot be in the image of any differential. Therefore in (£^-1)0 q _ 2 

!® (4-i)»( l n-2) = E c^(l®u,%) 

|=q,|aj \=n— q 

= <r _9 (c")- 

Since q < n - q, no nonzero element in ? _ 1 is in the image of the dif- 

ferential d n ~ q . Likewise, no nonzero element (E k -i)™Zq q -\ is in the image of the 
differential d n ~ q . Since {E k -x)™_ q q _ x = {0} and (£fc-i)£Lg,g_i = {0}, the differen- 
tials 

J^:^);;:^-! — (^-i)o,2 2 

jn—q / j-i \ n-q / jp \ n ~Q 

a ■ {^k-l) n - q ^ q -i ► \&k-l J ,n-2 

must both be injections. Now because d n ~ q (Q") = 1 ® (aj._ 1 )*(t„_2) in (i^fe-i)^ 1 ^ 
and 7"~9(1 ® (a^Mtn-a)) = 0, then 

7 «-*( C ") = £ 4(a J -«« i ) = 0. 

ai|=g,|aj =n-g 

Now suppose g = rrik, where again we recall q = |a&|. In this case the projection of 
l<S>(aJ,_ 1 )*(i I1 _2) generates the kernel of j r as in equation (flu]) . Then by naturality 
of the spectral sequences £" generates the kernel of 

™"-<? _ ^n-m k . fpn-m k ^ j?n-m k 

1 I ' n-m k ,m k -l n-m k ,m k -l' 

But as we saw before, the kernel of this is also generated by £, so we must have 
Q" = fe£ for some integer b prime to p. Comparing coefficients in equations (|9]) 
and (fTT|l . we set b\ ak \ = b, and we have c"j = b\ ak \{-\) mh Cij for i and j such that 
k < i < j, I = rrik, and |aj| = n - rrik- Therefore equation (j6|) holds in this case. 
Next suppose q < rrik- By part (iv) of Proposition 13. II 

/ • rj n-q,q-l ^n-q^-l 

is an isomorphism. Since 7"~ 9 (C") = 0, we must have c"j = for each of the 
coefficients of (" . Then we can choose &uj = 1 for example, and the result follows 
as the previous case. This finishes the induction. 

□ 
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Lemma 3.4. Let V = F{xi, . . . , Xfc} be a vector space over a field F , and T(V) 
the tensor algebra generated by V. For an odd integer N, consider a nonzero ho- 
mogeneous element in T(V) 

£ — 2_/ bijXiXj 

\xi\ + \xj \=N 

satisfying the condition bij +0 if and only if bji + 0, and let I be the two-sided ideal 
generated by £. 

Take a nonzero homogeneous element in T(V) 

u= Yj a l x i 

\xt\=M 

for some integer M and integers a^. Then for any element w e T(V), wu € I if and 
only if w e I. 

Proof. We will say an element w e T(V) has length I if it is a linear combination of 
monomials in T(V) of length at most I. This gives a filtration of T(V) by length. 

Since w e I implies wu e I, it remains to show that w £ I implies wu £ I. The 
proof is by induction on length of elements in T(V). Assume w £ I implies wu £ I 
for all w e T(V) of length I. The base case I = is clearly true since u is not in 
/. The case I = 1 is also obviously true since £ must have summands b^XiXj with 
b^ + and \xj\ + M, which tow cannot have (this follows from the fact that £ + 0, 
that N is odd, and the property bij + if and only if bji + 0). 

Consider a nonzero w e T(V) of length I + 1 such that w £ I. Let us assume 
wu e /. Using the inductive assumption we will show this leads to a contradiction. 

Note wu has length I + 2 and and £ has length 2. Since wu e /, we can write 

WU = ^VjXj +v£, 
3 

with v of length I, and each Vj is some (possibly zero) element in / length l + l. 

Observe v £ 0, for otherwise v£ = 0, and so we would have Vj = whenever 
\xj\ + M, and Vj = ajW whenever \xj\ = M, which would imply w e I. Expanding 
wu and v£, and comparing like terms, 



vjXj + Y,v(bi j x i x :i ) 



I w(djXj) if \xj\ = M; 
[0 if \xj\±M. 



Thus 



Vj + vyj 



\ajW if \xj\ = M; 
[0 if\xj\*M, 



where yj = Y J K x i- 

i 

Take j so that \xj\ = M and aj + 0. Since Vj + vyj = djW, Vj e I, and w £ I, it 
follows that vyj £ I. Therefore v £ I. 

Since £ + 0, there exist i and j such that b^XiXj + 0, implying bij + 0, and in 
turn bji + 0. If it happens that \xj\ = M, we can instead consider the summand 
bjiXjXi + 0, where we have + M since \xi\ + \xj\ = N and N is odd. 

In any case, we can choose i and j such that bij + and \xj \ + M. Then yj + 0, 
and since v + 0, vyj + 0. Now because v £ I and v is of length /, by our inductive 
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assumption vyj i I. But Vj + vyj = and Vj e I, so vyj = —Vj is a nonzero element 
in /, a contradiction. Therefore wu f I, which finishes our induction. 

□ 

Theorem 3.5. Let P be as in the introduction to this section. Assume the following 
condition holds true: 

(*) there exist elements a,b e hi* (P\ r L p ) such that < \a\ < \b\ < n, \a\ + \b\ = n, 
and the cup product ab e H n (P;'Z p ) is nonzero. 

Then there is a Hopf algebra isomorphism 

#*(QP;Z P )=T(%,...,^)/I, 

where I is the two-sided ideal of H*(QP; Z p ) = T(ui, . . . , ut) generated by the degree 
n-2 element 

m<s<£ 

as described in Proposition \3.2l Moreover, the looped inclusion QP — ->■ QP in- 
duces a map on mod-p homology modelled by the canonical map T{u\, . . . ,Ue) — > 
T(tti, . . . ,Ut)/I. 

Proof. To avoid confusing notation, we will write monomials in T(u\, . . . , Ug) with- 
out the tensor product symbol. By Proposition 13.21 the clement \ 6 H t (ClP;Z p ) = 
T(ui, . . . , ut ) is in the image of the map 

(na')*:H n - 2 (S n - 2 ;Z p ) — # n _ 2 (OP;Z p ) 
induced by the adjoint a' of the attaching map a. Thus x is a primitive element, 
and (f]i),t(x) = in H*(flP; Z p ), where i is the inclusion P — ->■ P. 

Let A be the quotient algebra of the tensor algebra T(ui, . . . ,ue) modulo the 
two-sided ideal generated by the element \. Then A is a Hopf algebra because \ 
is primitive. Since (fh)*(x) = in H*(riP;Z< p ), the Hopf algebra map 9 = (fli) 
factors through Hopf algebra maps 

T(ui, ^ A 

(12) \ § 

H*(QP;Z P ), 

where the Hopf algebra map 9 is defined by 9(ui) = u%. 

We let ml be the smallest integer m<m'< [^J such that there is a cy prime to 
p for some i < j, with i satisfying \a,i\ = ml. By condition (*) such an integer ml 
exists, and ml <n - ml . 

Consider differential bigraded left A-modules 

El, = ... = £™ = Zp{l, a 1 ,...,a e ,z}®A, 

the element 

C=("l) m ' E ^(a^n), 

\ai\=m' ,\aj\=n-m' 

with formal differentials d r of bidegree (— r, r - 1) for r < m given as follows. First 
define the morphism of left T(u\, . . . , u^)-modules 

ef":Zp{l,oi,. ..,ai,z] ® T(ui, . ..,ui) — > Z p {l,ai, ...,at,z}® T(u\, ...,u e ) 
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by d r = when r < m, and respecting the left action of T(ui, 

d m (x®y) = {\®y)d rn {x®\), 



,ue) by assigning 



where d m (l®y) = 0; d m {ai®l) = l®Uj whenever |aj| = m, otherwise d m {cn®l) = 0; 
and d m (z ® 1) = ( when m = m', otherwise ® 1) = 0. 

Since A is the quotient of T(ui, . . . , ut) subject to the relation x ~ 0, for r < to 
the differential d r induces a morphism d r of A-modules 

d m :Z p {l,ai, . . . , a^, z} ® ^4 — > Z p {l,ai, . . . ,ae,z} ® A 

respecting the left action of A. 

Next we define inductively for r > to 



zr.r+1 _ 



kev(d r :E:^^E:_ rtM ) 



Im (d r :E 



*+r,*~r+l 



and similarly as before we have formal differentials given as morphisms of left A- 
modules 



e: 



y *-(r+l),*+r 

respecting the left action of A, and such that: d r+1 (l ® y) = 0; d r+1 (ai ® 1) = 1 ® Hi 
whenever \a,i\ = r + 1, otherwise d r+1 (ai ® 1) = 0; and d r+1 (z ®l) = £ifr + l = m', 
otherwise d r+1 (z ® 1) = 0. 

This gives a formal spectral sequence E = {E r ,d r }. We will need to verify that 
E?* = {0} f° r (*>*) i (0,0), but let us assume that this is the case for now. We 
shall show by induction that the restiction 6: Ak -*■ i?fc(QP; Z p ) of the Hopf algebra 
map 9 is an isomorphism for each fc. 

Let E be mod-p homology spectral sequence for the path fibration of P. The 

morphism of Hopf algebras A — — > H^(ClP;Z p ) induces a morphism of spectral 
sequences 

6: El ^ — *• E: 



1 ® Ui, 9(di ® 1) = a,i ® 1, and 6{z ® 1) = z ® 1. 
6 



in the canonical way with 0(1 ® u^) = 

9 

Note Eff t — ► E^ is just our map A 
for < q < m - 1 . 

Q 

Suppose A q — > H q (ilP:Zp) is an isomorphism for < q < k. This implies 

- - Q 

Eq q — > Eq q is an isomorphism, and E\ q — ► E\ q is an isomorphism when q+r-1 < 
k. Since E™, = {0} and E^ = {0} when (*,*) / (0,0), for some sufficiently 

large M > to the map E^ k —* E^f k is an isomorphism. By definition of spectral 
sequences, there is a commutative diagram of short exact sequences 



£T»(nP;Z p ), and A q = H q (nP;Z p ) = {0} 



Cj r-\.k-r+2 



- c V-l,fc-r+2 



-_1 P^oj- 
0,fc ' 

e 



E 



0,k 



^0 



-^0. 



By induction the first vertical map is an isomorphism when r > 2. When r = M 
the third vertical map is an isomorphism, and so the second vertical map is also an 
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isomorphism. Iterating this argument over m < r < M , we see that the map 

9:A k =E^ k ^E^ k = H k (nP;Z p ) 

is an isomorphism. This completes the induction. 

It remains to check that E%° t = {0} for (*, *) ^ (0, 0). Let E be mod-p homology 
spectral sequence for the path fibration of P. We have 

= E^ = H*(P;Z P ) ® If*(QP;Z p ) s Zp{l, 0l> . . . ,a t } ® T(«i, ...,«/), 

and-E^ = {0} when (*, *) * (0,0). The Hopf algebra map H*(QP; Z„) =T(tti,...,^ 
A induces a morphism of spectral sequences 

4>-E -^E 

in the canonical way with 2 (1 ® iti) = 1 ® ftj, (j) 2 (ai ® 1) = <S> 1. Observe 

is an epimorphism when i < n, and is an isomorphism when i < n, j < n — 2, and 

r < m'. The differentials ^ E[_ r i+r _ j are zero for r < i and i < n, so when 
i < n and r < min{i, n — i}, we have projections 

( 13 ) K^K 1 

that are isomorphisms. Also, x i s nonzero in Eq n _ 2 for r < n - m', and zero for 
r > n-m' since J™~ m (£) = X- 

Note = {0} when < k < m, k > n, or I < m - 1. We will first consider those 
nonzero elements in £™ ; and Eq 1 1 for Z > m - 1 . 

Take any nonzero x e E™^ Then x = z ® w for some nonzero w e A. Note 
d r {E r n ; ) = {0} when r < m', so we can project x to Pick w' e T{u\, . . . ,ug) 

such that w' projects onto w e A. Since w is nonzero in A, w' is not in the two-sided 
ideal generated by x- Take the element following element in T{u\, . . . , ut): 

Pj = W I Y, ■ 

\|oi|=m' / 

Let Gj e A be the projection of cr^ onto A. We have 

d m \ x ) = (l®w)dr\z®l) = (l®tu)(0 

= (-l) m ' £ CyCty ® (tflfii)) 

|a,i|=m' ,\aj \=n— m f 

= (-1)™' £ a,® a,, 

\aj |=n-m' 

By condition (*) there are integers k < Z, with |a;| = m' and |afe| = n - m', such that 
Cjfc is prime to p, so the element a' k is nonzero. Because n is odd and w' is not in the 
two-sided ideal generated by Lemma 13.41 implies crjj. is not in the two-sided ideal 
generated by x- Therefore a k e A is nonzero, so a k ®a k € = Z P {1, ai, . . . , at, z}® 
A is nonzero, and by this we see that d m (x) € E™_ m , [+m ,_ 1 is also nonzero. By the 
projection isomorphisms (fTB"]) . this implies d m (x) e E™_ m , Um ,_ x is nonzero, and so 
x does not survive to E™1 +1 . Thus E™ t = = {0}. 
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Now take x e E™[ for I > m - 1. We can pick x' e E™ t so that <j) m (x') = x. Since 
= {0}, there exists an x e El ^ for some r > to such that d r (x) = x' . Then in 

x = <f( x ') = (j> r {d r {x)) = d r (f(x)), 
and so x = in E r f. Thus E™ = {0}. 

It remains to consider those elements in E k n l when m < k < n. Because the 

elements in E™ for to < k < n are transgressive, the differentials E k l — > i+i-i 
are zero for / > and m <i < k, and so we might as well project to E kl . 

Suppose x € and x + 0. We will show that * 0. Hence E kl = E^ 1 = 

{0}. There are three subcases: m < k < n - to', k = n- to', and n - m' < k < n. We 
assume x + and cT(x) = to arrive at a contradiction. 

Let us hrst consider the case to < k < n - m! . We can pick x' e E kl such 

that <p k (x') = x. Then <p k (d k (x')) = d k (x) = 0, and so inspecting the kernel of 
k+i-i — * E a.k+i-n v' = d k (x') e Eq k+l _! must be a linear combination 

V = Y,ViXWi, 

i 

where vi and Wi are monomials in T(u\, . . . 7 ug). Since x' is nonzero in E k „., and 
E™ t = {0} for (*, *) + (0,0), y' must also nonzero in E k t , and so we might as well 
assume the monomials Vi and Wi are nonzero. Since y' is in the image of d k with 
k < n - m', and (by definition of to') \ is linear combination containing summands 
c^muj with = n-m' and prime to p, each of the Wi's must be a monomial 
of length at least 1 of the form 

Wi = wluk, 

for some monomial w\ and Uk { such that |wfcj = fc. Since d k {x') = y' , 

x ' = E afc . ® v iXw'i- 

i 

But since x is zero in A, each term Vixw'i is as well, and so x = in E kl , a 
contradition. Hence we must have d fe (x) * 0. 

Now consider the case n - m! < k < n. As in the previous case, we can write y' 

y' = Y, v iXWi- 

i 

Here w\ is also zero in ^ for any monomial tu, since 

w X = d n - m ' u-ir e c ^o ® ) 

\ \di |=m',|aj |=n— m' / 

Therefore each monomial is nonzero of length at least 1, (for otherwise = y' = 
d k {x'), which implies x' = 0), with Wi = w-Mfe 4 for some monomial w\ and such 
that \v,ki \ = k. As before this implies x = 0, a contradiction. Thus cT(:r) * 0. 
Finally let us consider k = n-m'. In this case 

2/' = E + E ViX 

i i 
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for some nonzero monomial Vi, and nonzero monomial Wi of length at least 1. As 
before, we must have Wi = w^Uki for some w[ and Uk t such that \uk t \ = n- m'. Let 
C' € KzZ., m '-i be the element satisfying 0"" m '(C') = C- Observe that in E%-™ 2 we 
have d n ~ m (b(') = x f° r some integer b prime to p. Thus 

x ' = E( a ^ ® v iX w 'i) + &E( 1 ®^)C- 

i i 

Since x is zero in A, 

x = <fr- m \ x ') = <f> n - m ' (bY.ii 9 W )C) = ® w)c- 

z z 

But in E™+ we have J m '(z®l) = (, so d m ' (z®yj) = (l®y,)C- So because m' < n-m', 
(l®j/j)C is zero in E™'™ , and it follows that a; = 0, a contradition. Hence d k (x) + 0. 

□ 

4. Some additional structure on the mod-j> Cohomology ring 

It is the non-trivial action of Bockstein operations that impose the restrictions 
seen in Proposition 12. II As we will see later, they are necessary for Theorem [273] to 
be true in general. 

Recall that the mod-p Bockstein operations j3 r :H*(X) — ► H*-i(X) are deriva- 
tions with respect to the homology multiplication induced by an i?-space structure 
on X. That is, 

l3 r (xy) = p r (x)y + (-l)Wxl3 r (y). 

Proof of Proposition WIS. Take the attaching map S 2n ~ 2 — ► W and its adjoint a'. 
By Proposition 13. 2\ in H 2n ^(ilW; Z p ) we have 

ot*(i2n-a) = S(-l) n-1 aij[«t,%]- 

for some generator L 2n -3 6 H 2n _ 3 (S 2n ~ 3 ;Z p ). As sets we have 

{r 1 ,r 2 ,...,r kl } = {s 1 ,s 2 , . . . ,si} 

for some Si < s 2 < ••• < s; and / < k\. Since Ui and V{ are the transgressions of 
Xi and yi, p ri {vi) = Uj for 1 < i < k%, and /3 r (?Jj) = for each r > and fci < 
i < k. Therefore fts t ([ui,Vj]) = whenever j > k\ or St + rj. Then because 
/3 St (a»(i2n-3)) = a'»(A f (t2n-3)) = Q!»(0) = for each t, we have 

= £/U«U^2n-3)) 
t=l 

= E (-ir^/M^]) 

j'<fci, z 

= e ".:>'■■", \ 

j<ki , i 

= (-l) n " 1 (E a «["i)^] + E («*3-(- 1 )%i)[««>%]+ E 
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When n is odd it follows that an = and ay + dji = whenever j < i < ki, and 
aij = whenever 1 < j < fci and k\ < i < k. Namely B z * is skew symmetric and 
C z * = 0. When n is even ay - aji = and [?2i,?2i] = 0, so there is no restriction on 
the ctii's. In this case B z * is symmetric, and likewise C z * =0. □ 

5. The Effect of Looping in Rank One 

In this section we fix a class [V] 6 T\ n for p an odd prime, and again assume 
that all our spaces are localized at p. 

H*(V;Z P ) is generated by x, y, and z, where |x| = n-1, \y\ = n, and \z\ = 2n-l. If 
Pr(y) = x for some r > 0, then we can and will take V e [V] so that (2n-2)-skeleton 

V of 1/ is the Moore space space P n (p r ). Similarly when f3 r (y) = for each r > 0, 

V e [V] can be taken so that V = S 11 ' 1 v S n . 

Let it and v in iJ*(f2T^;Z p ) be the transgressions of x and y respectively, with 
\v\ = n — 1 and |u| = n - 2. The following corollaries are direct consequences of 
Proposition 13.51 and Proposition 13.21 respectively. 

Corollary 5.1. Take [V] e Tf n with n>3. Then H*(nV;Z p ) = T(u)®T(v) as 
Hopf algebras. 

Corollary 5.2. Take [V] e 7^„ with n>3. Let a:S 2n ~ 2 -> P n (p r ) be the attaching 
map for the V , and a':S 2n ~ 3 -> flP n (p r ) be the adjoint map of a. Then 

a'*(t2n-3) = [u,v]. 

The following lemma is a special case of Barratt's work on growth of homotopy 
exponents 2 , or Theorem 4.1 in [6]. 

Proposition 5.3. Fix some n > 4, and let C be a finite wedge of Moore spaces 
P n {p r '). Lets = max i {r i }. Then 

p s+k ir l (C)=Q if i<p k+1 (n-2). 

Let S 2m ^ 1 {p r } be the homotopy theoretic fibre of the degree p r map S 2 " 1 ^ 1 —> 
S 2m_1 . Recall from [4] there exists map 

(14) h: s 2m - 1 {p r } np 2m ( P r ) 

that is modelled on mod-p homology by mapping H*(S 2m ~ 1 {p r };Z p ) isomorphically 
onto the left T(w)-submodule of H„(nP 2m (p r ); Z p ) = T(u,v). This map has a left 

homotopy inverse VLP 2m {p r ) S 2m - 1 {p r } that induces a map on mod-p homology 
modelled by the abelianization map T(u,v) — ► S(u,v). 

Lemma 5.4. Let [V] e 7~f 2m with m > 2 and j3 r {y) = x for some r > 0. Then v 2 is 
spherical in H*(QV;Z p ). 

Proof. Let S 4m ~ 2 -A- P 2m (p r ) be the attaching map for V. By PropositionEH [a] 

has order p r in 7r 4m _ 2 (P 2m (p r ))- Th us a extends to a map P Am - 1 {p r ) P 2m (p r ). 
By taking the adjoint of a, we have the map 

Q':P 4m - 2 (/)^OP 2m (/) 

which induces 

: (P 4m - 2 (p r ) ; Z p ) — H. ( OP 2m (p r ) ; Z p ) . 
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Let u' e H im - 3 (P im - 2 (p r );Z p ) and v' e H 4m - 2 (P im ' 2 (p r );Zp) be a basis with 
f3 r (v') = u'. Since a' restricted to g 4 ™ -3 is a', we have 

We may assume that a' t (u') = [u,v\ because otherwise we can replace v! and v' to 
be -u' and -v'. 

When m > 2, |u 3 | = 3(2m - 2) = 6m - 6 > |u 2 | = 2(2m - 1) = 4m - 2, which implies 
2m > 4. Then H^ m ^2{ClP 2m (p r )\ Z p ) is a 1-dimensional vector space with a basis 
given by v 2 , implying a*(i/) = fcu 2 for some fc. Since 

fc[u,w] = /3 r (kv 2 ) = j3 r (a t (v')) = a^(/3 r (v')) = a»(tt') = [«,u], 

we have k = 1. Therefore a^(u') = u 2 . 
Consider the composite 

f-.p im - 2 ( P r ) -X cip 2m ( P r ) — > civ. 

By Corollary 15.11 there is a Hopf algebra isomorphism _ff*(f21/; Z p ) = T(u) ®T(v), 
and the iJ-map ClP 2m (p r ) — ► CIV induces a map on mod-p homology modelled 
by the algebra map T(u,v) — ► T(u) ® T(v) sending a to a and v to v. Thus 
f*{iim-l) = V 2 . 

Now / factors through a map 

/: s im ~ 2 — ► civ, 

because its restriction to the bottom sphere S 4m ~ 3 is the adjoint of the null homo- 
topic map S im ~ 2 P 2m (p r ) — > V, and we have /*(t4 m _2) = f*(i*im-2) = w 2 - 

□ 

Theorem 5.5. Tafce [V] e w ^ m > 2 and /3 r (y) = cc /or some r > 0. T/ien 

Q,V-S 2m - 1 {p r }xQ,S 4m - 1 . 
Proof. Consider the composite 

: s* 2m - 1 { P r } ^p 2m (p r ) — ► civ, 

where the last map is the looped inclusion. The map S 2m ^ 1 {p r } — > ClP 2m (p r ) is 
modelled on mod-p homology by mapping H*(S 2m ~ 1 {p r }; Z p ) isomorphically onto 
the left T(u)-submodule of #*(flP 2m (p r );Z p ) = T(u,v) with basis {l,v}, where 
\v\ = n-1 and \u\ = n-2. Also, by Theorem l3.51 there is a Hopf algebra isomorphism 

H*(Q.V;Z P ) = T(u)®T(v) 

and the iJ-map ClP 2m (p r ) — ► CIV induces a map on mod-p homology modelled 
by the algebra map T(u,v) — ► T(u) <8> T(v) sending u to u and v to v. It follows 
that <f>* is modelled by an isomorpism onto the left T(u)-submodulc of T(u) ®T(v) 
with basis {1, v}. 

Now consider the map S Am ~ 2 CIV from the proof of Lemma HT4l which makes 
the class v 2 e H* (CIV; Z p ) spherical. Since CIV is an ii-space, by the universal 

property of the James construction for CIS 4 " 1 ^ 1 a' extends to an TJ-map ClS Arn ^ 1 —* 
CIV. Then 6* is modelled on mod-p homology by mapping T(i4 TO _2) onto the 
subalgebra of T(u) ® T(v) generated by v 2 . 
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One now sees that the product 

induces an isomorphism on mod-p homology, thus is a homotopy equivalence. □ 

The following theorem is probably well known. 
Theorem 5.6. Take [V] e 7^„ with /3 r (y) = for each r > 0. Then 

Proof. We take V e [V] so that V = S 1 ™ -1 v S n . Recall for general spaces X and 
Y, the looped inclusion fl(X v Y) — > fl(X x Y) = HX x VLY has a right homotopy 
inverse. Thus for X = 5 n_1 and Y = S n we have a right homotopy inverse 

nS"- 1 x fiS" 1 ^(S"- 1 v S n ). 

On mod-p homology, s* is modelled by the inclusion of Hopf algebras T(u') ® 
T(v') — ► T(u',v'), where |x'| = n-2 and \y'\ = n-1. Since is an algebra 

map, it is clear that the composite 

ns"- 1 x ns n ^(s*™- 1 v s*™) -U 

induces an isomorphism in mod-p homology, and so is a homotopy equivalence. □ 

6. Higher ranks 

Throughout this section we fix some class [W] e T^ 2m w ith k > 2, and m > 2, 
with all spaces localized at an odd prime p. 

We recall the properties for W described in Section [2] The generators x\,... ,Xk 
and • • . ,Vk w ih denote the basis for i? 2m -i( Z p ) and Hi m {W\ Z p ) dual to the 
mod-p cohomology basis that we gave earlier, while u±,...,Uk e H2 m -2(QV; Z p ) 
and ui,.. . € H 2m -i(^V;Z p ) will denote the transgressions of the x^'s and j/j's. 
We have /3 ri (yi) = Xi for some integers r%, . . . ,rk lt and integer < k\ < k. For 
convenience we take W 6 [W] so that the homotopy equivalence in equation ((2J, 
corresponding to our choice of basis above, is a homeomorphism. 

Recall the k x k Z p -matrix A z * = (a^ ) associated with the cup product structure 
of H*(W;'Zp) with respect to our choice of basis. We have A z * is nonsingular. By 
Proposition 12 . 1 1 the k\ x k\ matrix B z * in the block partition of A z * (equation [3]) is 
symmetric, and the ki x ki matrix C z * is zero. In paricular aij = for k\ < i < k, 
and ctij = dji whenever 1 < i < k±. 

Let us assume ki > 1 for now. We may as well assume our mod-p homology basis 
has been ordered so that 

ri = max{ri, . . . ,r kl } . 

Since A z * is nonsingular, there must exist an integer i > 1 such that an t whenever 
an = 0. If this is the case, then we will assume for the sake of convenience that 
our mod-p homology basis corresponding to the splitting of W has been ordered so 
that i = 2. 

We will construct a certain map 

(15) q.W^V 

which will be used in the upcoming proofs. Here [V] 6 T p 2m with V = P 2m (p ri ), 
and g* is nonzero in degree 2n - 1, and is nonzero for some choice of degree 2m - 1 
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and degree 2m generators. The restrictions on the matrix A z * mentioned above 
will be necessary in order for q to exist in general. A similar map is constructed for 
the special case k\ = 0. This construction of will depend on a few seperate cases, 
again assuming k\ > 1: 

(1) a n tO. 

(2) an = 0: Since A z * is nonsingular, there is an integer i > 1 such that an + 0. 
We must have i < ki, because = when i > k\. So i corresponds to a 
Moore space P 2m (p Ti ) in the splitting of W . We consider three subcases: 

(a) n = T2 and a 2 2 + 0; 

(b) n = r 2 and a 22 = 0; 

(c) n > r 2 . 

If the first case holds, let W = W/P 2m (p ri ). One may notice that the quotient 
V = W/W, which extends the quotient W/W = P 2m (p Tl ), has its homotopy type in 
T\2m- Otherwise when part (a) of the second case holds, let us fix W = W/P 2m (p r2 ) 

and V = W/W. In either case we set W — ^ V as the respective quotient map. 

Now consider parts (b) and (c) of the second case. A z * being symmetric implies 
«2i = ai 2 . Setting W = W/(P 2m (p ri )\/P 2m (p r2 )), let V denote the quotient W/W 

and W V the corresponding quotient map. Set t = n -r 2 > 0, and take the map 
P 2m (/ 2 ) P 2m (p ri ) as the induced map of cofibres in the cofibration diagram 

g2m-l P 2 y g2m-l ^_ p2m (p r 2 ^ 

f i 

g2m-l 1 ^ ^2m-l ^_ p2m ^ 

Let V be the pushout in the pushout diagram 

P 2m (p ri )v P 2m (p r2 ) ^ V 

IvC 

P 2m (p ri ) > V, 

where the horizontal maps are inclusions. Let q be the composite 

Observe q extends the composite 

W —> W/ W = P 2m (p ri ) v P 2m (p r2 ) P 2m (p ri ) , 

and H n (P 2m (p r2 );Z p ) -C H n (P 2m (p ri ); Z p ) is an isomorphism when n = 2m, and 
multiplication by p* when n = 2m - 1 (hence trivial when t > 0). Thus 

q*(x*) = x* 1 +p t x* 2 , 

and 

a (y ) = vi + V2 
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for some generators x* and y* in H 2m 1 (V;Z P ) and H 2m (V;Z p ). For part (c), 
when t = r\ - r 2 > 0, we have 

q*(x*y*) = (x{ +p t x* 2 )(yl + y 2 ) = (an + a 2 i + p t a 12 + p t a 22 )z* = a 2 \z* . 

Therefore x*y* = a 2 \e* for some generator e e if (F;Z P ) = Z p . Since we are 
assuming 021 * 0, the homotopy type of V is in Tf 2m - For part (6), when t = 
T\ - r 2 = and a 2 2 = 0, 

q*(x*y*) = (a 21 +a 12 )z* = 2(a 21 )z*, 

and so the homotopy type of V is in 772m f° r this case as well. 

Finally we consider the construction of the map W — ► V for the case k\ = 0. 
This time [V] e T£ 2m sat i snes V = S" 1-1 v S n . The construction is straightforward. 
The nonsingular A z * must have an + for some i. Assume our basis has been 
ordered so that i = 1. Let W = WI{S n ~ 1 v S n ) 7 where the spheres S 71 ^ 1 and S n in 
the splitting of W correspond to the generators x\ and y\. Now let V = W/W, and 
q be the corresponding quotient map. 

We shall let a;* e H^-^V^p) = H 2m ~ 1 (V;Zp) andy* e H 2m (V;Z p ) = H 2m (V;Z p ) 
be generators with f3 r (x*) = y* , x e H 2m -i(V;Z p ) = H 2m ^i(V;Z p ) and y € H 2m (V;Z p ) = 
H 2m (V;Z p ) be their homology duals, andue H 2m - 2 (QV; Z p ) and v e H 2m ~ l (SW ; Z p ) 
be the transgressions of x and y. 

The following lemma can, in part, be viewed as an extension of Lemma 15.41 

Lemma 6.1. Let k\>\. There exists a map — > QW such that the composite 

induces a map sending a generator L 2m -\ e H*(S ;Z p ) to v 2 e H*(ttV;Z p ) . 

Proof. Let S 4m ~ 2 P 2m (p ri ) be the attaching map for the (4m- l)-cell of V, 
and S im - 2 W the attaching map for the (4m - l)-cell of W . Observe the 

map W — »■ V is the extension of a map W — > P 2m (p Ti ) fitting in a diagram of 
cofibration sequences 

S 4m-2 £ ^ W w 

g4ro-2 " ? P 2m (p ri ) — s- V. 

Proposition 15.31 implies [£] has order p Tl in 7T4 m _2(W' r ), since ri = max{ri, . . . , r^}. 

Thus £ extends to a map p^-i^n) ^ 

Let P 4 " 1 - 2 ^!) X fiiy denote the adjoint off. Let u' e H im ^{P im - 2 {p ri )-Z p ) 
and 7/ € H im - 2 {P im ~ 2 {p ri ); Z p ) be generators satisfying (3 r (v r ) = u' . By the above 
diagram of cofibrations, fig o £' restricted to S 4m ~ 3 is the adjoint of a, so Corol- 
lary 15.11 implies 

(nqot%(u') = [u,v] 
for some choice of our generator v! . 
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When in > 2, H4 m -2(£lP 2m (p ri );1* p ) is 1-dimensional vector space with a basis 
given by v 2 . Thus (flq o £')*(v') = kv 2 for some k, and 

k[u,v] = p ri {kv 2 ) = /3 n ((Ogof )*(</)) = <m°?)*(firAv')) = (^°f )*(«') = [«,«], 
so fc = 1 . Therefore 

(fi?of) t (i;') = U 2 . 

Consider the composite 

f-.p 4m - 2 (p ri ) S+siw^Z nw. 

Now Qqo f is homotopic to fHy o ilqo£', and since H*(fl.V; Z p ) = T(u) <g> T(v) such 

that ii-map SlP 2m (/') — + nV induces a map on mod-p homology modelled by 
the algebra map T(u, v) — ► T(u) <g> T(v), we have 

(Qq o /)*(«') = (Jliy). o (fig of ),( W ') = (^ y ),( V 2 ) = v 2 . 

Notice / factors through the quotient map P 4m ~ 2 (p Tl ) — ► S 4m ~ 2 , as the restriction 
of / to the bottom sphere 5 1 is null homotopic, since it is the adjoint of the (null 

homotopic) composite S 4m ~ 2 — > W ^* W. Thus / extends to a map S 4m ~ 2 — -*■ 
VtW so that /»(t4m_2) = f*(v'). Therefore 

(O g o/),( i4m _ 2 ) = (Ogo /),(„') = v 2 . 

This completes the proof. □ 

nq 

Corollary 6.2. The map flW — ► ttV has a right homotopy inverse. 
Proof. Assume k\ > 1 for now. By Theorem 13 . 51 there is a Hopf algebra isomorphism 

H*(SIV;1, P ) =T(u)®T(v), 

and the looped inclusion flP 2m (p ri ) QV induces a map on mod-p homology 
modelled by the algebra map T(u,v) — ► T(u) <g> T(v) sending u to u and v to v. 
Dependening on our construction of the map W — > V at the start of this section, 
we can take an inclusion P 2rn (p ri ) — ->■ W such that the composite P 2m (p ri ) 
W V is homotopic to the inclusion iy. Now consider the composite 

(f>:S 2m - 1 {p ri } A nP 2m (p ri ) % SW. 

The map ft.* is modelled by taking H*{S 2m ~ 1 {p ri };'L p ) isomorphically onto the 

left T(u)-submodule of T(u,v) with basis so (ttqocf))^ is modelled by an 

isomorpism onto the left T(w)-submodule of T(u) ® T{v) with basis {1, «}• 

j _ 

From Lemma 16.11 one has a map 

s 4m-2 _^ nw satisfying (fi ? /)*( i4m _ 2 ) = 
v 2 € H*(ttV; 1p). Since HW is an _ff-space, by the universal property of the James 
construction for QS 4 " 1 ^ 1 f extends to an ii-map 

and (ttqof)^ induces an isomorphism onto the subalgebra of H*(£IV; Z p ) generated 
by v 2 . 

One now sees that the product 

s 2 - V 1 } x ns 4 ™- 1 H nw x nw ^ 9 nv x nv nv 
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induces an isomorphism on mod-p homology, and therefore is a homotopy equiv- 
alence. Since ilq is an H-m&p, this homotopy equivalence is homotopic to the 
composite 

(16) s 2m ~ V 1 } x ns 4 ™- 1 nw x nw m ^ nw ^ nv, 

and so flq has a right homotopy inverse. 

Now consider k\ = 0. Let v S 2m — > W be the inclusion inducing an 

isomorphism on mod-p homology onto the subgroups generated by xx and j/i- Then 
the composite 

i': S 2 ™- 1 v S 2m — > W — ^ V 



is the inclusion of the (4m - 2)-skeleton of V. As we saw in the proof of Lemma[. 
m' has a right homotopy inverse, and we are done. 

□ 

It will be very covenient to make a change in basis in the proof of the next 
lemma. According to which of the four cases the matrix A z * satisfies, as de- 
scribed at the start of this section, we will change our basis 1 p {x\ 1 x 2l xz 1 ■ ■ - Xk} 
and Z p {yi,y 2 ,y 3 , . . .y k } to Zp{oi, a 2 , a 3 , . . . at} and Z p {b 1 ,b 2 ,b 3 , . . .bk} so that for 
i > 2 the following are satisfied: 

q*(ai) = 2:,<7*(foi) = y;/3 ri (h) = a x if 1 < kx; 

q*(a.i) = 0,q*(6j) = 0;/3 n (6j) = a t if i < kx] 

albl = cz* £H Am - 1 (W;Z p ); 

for some integer c prime to p. 

Since q*(xi) = and g*(yi) = when i > 2, we can set ai = xi and bi = yi. When 
the first case is satisfied, or when k\ = 0, we may leave our previous basis as it was. 
For parts (a), (6), and (c) of the second case, by inspection we can set: ai = x 2 , 
h = 2/2, a 2 = xx, and b 2 = y x ; ai = \(x\ + x 2 ), bi = i(yi + y 2 ), a® = x\ - x 2 , and 
b 2 = y\-y 2 ; a\=Xx, bx = yx+V2, a 2 = xi-x 2 , and b 2 = -y 2 , respectively. 

Let F be the homotopy fibre of W —> V , and 

(17) nv-^F^w 

be the induced principal homotopy fibration sequence, meaning there exists a left 
action 

p. QV x F — >■ F 
such that the following diagram commutes up to homotopy 

nv x nv nv x f 

(18) 

nv — *f. 

Lemma 6.3. There is isomorphism of left H*(QV;Z P ) -modules 

H*(F;Z P ) = Z p {a h bi\2 < i < k} ® H*(Q,V;Z P ), 

where |aj| = 2m- 1, \bi\ = 2m, /3 ri (6j) = a, when i < kx, and the left action of 
H^(nV;Z p ) is induced by \i. 
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Proof. Recall the Hopf algebra isomorphism H*(ilV; Z p ) = T(u) ® T(v) from The- 
orem GT5] That is, H*(£lV; Z p ) is the polynomial algebra over Z p generated by u 
and v, where u,v € IT»(f2V;Zp) are the transgressions of x,y e ff*(V;Z p ) in the 
mod-p homology Serre spectral sequence for the path hbration of V. 

The mod-p homology spectral sequence E for the principal homotopy hbration 

QV —* F — ► W is a spectral sequence of left H^{VlV\ Z p )-modules, with 

El,=H>(W;Z p )®H*(nV;Z p ), 

and left action induced by fx. Differentials commute with the left action of H*(SIV', Z p ), 
that is d n (f ® gh) = (1 ® g)d n (f ® h) whenever it makes sense. 

Notice the generators a^®!, bi®l e E% are transgressive since W is a suspension. 
Since q*(cii) = q±{xi) = and q*{bi) = q*{yi) = for i > 2, and likewise (^(a^) = 
and q*(b2) = 0, we have 

d 2m - 1 (a l ® 3 ) = 0,d 2m (& 2 ®. 9 ) = 

for every g e i2*(QV;Z p ) and i > 1. Since q*(ai) = a; and q*(b±) = y, and since 
u,v e H*{ilV\ Z p ) are the transgressions of x, y e H*(V; Z p ), 

d 2ro_1 (ai®l) = l(g>u,d 2m (fri<s>l) = l®«. 

Observe H*(QV;Z p ) is generated by elements of the form v l or it<? for monomials 
g£H*(OV;Z p ). Since 

d 2m_1 (ai ®g) = {\®g)d 2rn - 1 (a 1 ® 1) = (1®#)(1®u) = 1 ® gu, 

no element 1 ® git survives to Eq™ . Likewise, elements 1 ® v l do not survive to 
E$™ +1 since 

d 2m (h ® u'" 1 ) = (1 ® u' _1 )d 2m (6i ® 1) = (1 ® ® v) = 1 ® 

So we see that no element in l? 2 survives to E^. 

Now consider those elements of the form b± ® gu. Since 1 ® gwu = 1 ® guv does 
not survive to Eq™, we have 

rf 2ro (6i ®gu) =0. 

Finally consider elements of the form z ® g. Note d l (z® g) = for i < 2m - 1 for 
degree reasons. Let the integers ci, . . . , modulo p be such that &*a x = qz*. As 
mentioned before, ci = c is nonzero. Dualizing to the mod-p cohomology spectral 
sequence associated with our homotopy hbration, we have for each i 

d 2m -i(bi®u*) = d2ro-i(6l®l)(l®w*)+(-l) |6i| (^® 1 )*m-i(l®u*) = (6*®1)K®1) = Cj( 
Dualizing in the other direction, we have (denoted by £) 

C = d 2m - 1 (z®l) = ^c l (6 l ®u), 
»=i 

so for each g e ^(fiT^; Z p ) 

k 

d^-^zttg) = Y,Ci(k®gu) = (l®fiOC 

i=l 

Therefore since ci #0, &i ® is identified with a linear combination of elements 
bi ® for i > 1 in .Ef™ 

We have now computed all the differentials in this spectral sequence. Summa- 
rizing all the above information, we see that no element in Eq * survives to E™* , 
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elements of the form <ij ® g for i > 1 generate the kernel of -Efm-i * — * -^o™ S an d 

elements of the form bi®g for i > 1 and b\®gu generate the kernel of -Efm * — * -^o™ ■ 
But &i <8> git is identified with a linear combination of bi ® git for i > 1 in E 2 ™] ^ , so 
bi®g for i > 1 generate this kernel. Since no nonzero linear combination of elements 
of the form <X> g and bi® g for i > 1 is in the image of a differential, one observes 
is generated by a basis of elements at <S> g and bi® g for i > 1 and monomials 
ge'fr»(fiV;Z p ). The result follows. 

□ 

Let 

fel fe 

(19) J=\/ P 2m ( P r ')v \/ (S 2m - X v5 2m ). 

i=2 i=fei+l 

This is the (4m - 2)-skeleton W ofW with P 2m (p ri ) quotiented out. Our previous 
work culminates in the following: 

Theorem 6.4. 

(i) If k\ > 1 i/iere zs a homotopy equivalence 

VtW a S 27 "- 1 ^} x ^5* 4m_1 x ( J v ( J a (S 12 " 1 - 1 ^ 1 } x OS- 4 ™- 1 ))) , 

where the right-hand space is taken to be a weak product. 

(ii) Similarly, if k\ = i/iere is a homotopy equivalence 

VtW a fiS* 2 " 1 - 1 x ftS 2m x Q ( J v ( J a (OS* 2 ™- 1 x ftS 2m ))) . 

Proof of part (i). By Corollary EJ nV has a right homotopy inverse, so 

the homotopy fibration sequence VlF — > ilW — ► VlV is split. Therefore 

nw - nv x hf ~ s ,2m - 1 {p ri } x fis* 4 " 1 " 1 x of, 

where VtV = S" 2, "- 1 {p ri } x ^5* 4m_1 by TheoremEU 

s (5 

Let — ► 17 be a right homotopy inverse of 17g, and 17V — ► F be the 
connecting map in the homotopy fibration sequence p7|) . Since <5 o flq is null 
homotopic, we have 6^5° 17g ° s ^ *, so 5 is null homotopic as well. Now by 
Lemma 16731 the 2m-skeleton of F is the wedge sum J in equation (p~Q|) . 

Define the composite 

x-.nv x j ^inv x F F, 

where j is the inclusion of the 2m-skeleton. Observe the composite 

nvx*^lnvxj-^F 

is null homotopic, as it is homotopic to 6 ^ * by diagram (j!8[) . Therefore one 
obtains an extension A of A in the following homotopy commutative diagram 

-9- VLV X J 

A 



nv x * -i^v nvxj- 



F 
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where the half-smash product QV x J is by dcfmiton the cofibre of the inclusion 
SIV x * c flV x J. By Lemma 16731 

H*(F;Z p ) = H*(J;Z p ) ®H»(nV;Z p ) = H*(QV * J\Z p ). 

Observe that A restricts to an isomorphism of the submodule 

H*(J;Z P ) ® H»(CLV;Z P ) £ H*(nv x J;Z P ) 

onto Hi.(F]7j p ), so A induces an isomorphism on mod-p homology. Therefore 

F ~ VtV <x J. 

Now applying the well known general splitting of half-smash products 
B k (£A) = (SA) x, B~ (SA) v(SAaB), 

we have 

F-nvxj 

-Jv(jAflV) 

= J v (Ja(S 2 ™- 1 {/} x fi^ 4 ™- 1 )), 
and we are done □ 

Proof of part (ii). The proof is identical to that of part (i), except with Theo- 
rem 15.61 used in place of Theorem 15.51 □ 

Proof of Theorem \2.3\ and Theorem \1.1\ part (i) . For each of the homotopy equiva- 
lences in Theorem l6.4l the homotopy type of the right-hand weak product is uniquely 
determined by the integers k and k\ , and the integers r± , . . . , . The ordering is 
arbitrary, but we selected it so that r\ = maxjri, . . . , r^} when k\ > 0. As is clearly 
seen in Equation (|2|), these integers correspond uniquely to the homotopy type of 
W. Therefore the homotopy types of the right-hand weak products in Theorem l6.4l 
are uniquely determined by the homotopy type of W. 

It is clear that any two [W], [W] e 7^f 2m satisfy conditions (1) and (2) in Theo- 
rcm ll.ll if and only if W - W'. The result follows by application of Theorem l6.4l □ 

7. The Integral Case 

Spaces are not assumed to be localized throughout this section. When we say 
that the localization of map or space at a prime p is another map or space, we will 
mean that they are the same at least up to homotopy equivalence. 

Let V = {pi,P2, • ■ •} be the set of all prime numbers, and M be a manifold as in 
part (ii) of Theorem 11.11 The uniqueness up to homotopy type of Moore spaces 
implies the (4m - 2)-skeleton M of M splits as a finite wedge of Moore spaces 

M=y(yi^(«r j )). 

where Q = {gi, 92, • • •} c {pi,J>2, . . .} is some subset of odd prime numbers. We may 
as well assume the homotopy type of M (which might now longer be a manifold) 
has been selected so the M is homeomorphic to the above wedge of Moore spaces. 

When localized at some p, mod-g Moore spaces are contractible whenever q prime 
to p. Then M( 9i ) is homotopy equivalent to a wedge of the mod-qi Moore spaces in 
the above splitting. On the other hand, Mr p \ is contractible when localized at any 
p e V - Q, which implies M (p) = Sg? _1 . 
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We will need to lift some of the p-local maps constructed in the previous section 
to ones that are integral. This is perhaps best done by following through the same 
constructions, all the while keeping in mind we are no longer localized. 

First, using the recipe for the construction of the map W — -»■ V in (|15l) . we can 
collapse or fold the Moore spaces in the (4m - 2)-skeleton M to obtain a map 

p:M 

whose localization at each prime p e Q is the map q, and whose localization at each 
p e V - Q is a homotopy equivalence M ~ ^(p) 1 — * ^(p) 1 ~ ^ this rec iP e J the 
(4m - 2)-skeleton of TV is a finite wedge 

N^\/P 2m (qt% 

i 

where Si = max., {rij}. 

Let Q = YlS 2 ™- 1 ^} and Q' = Y[^P 2m {<lT)- The p-locaJ map h in Section 1 

i i 

can be lifted to an integral map h! that is a choice of lift in the digram of homotopy 
fibrations sequence 

s 2m - 1 { P r } — s 2m - 1 *- s 2m - 1 

h' 



np 2m ( P r ) 



P 2m (p r ), 



for this is how h was constructed in [4] . Taking products of these maps defines the 
obvious map SIQ — ► SIQ' . Using the Hilton-Milnor homotopy decomposition of 
SIN gives a map Q' — ► SIN that is a left homotopy inverse of the canonical looped 
inclusion SIN — ► Q' . Now we define the composite 

V-Q — >Q' — >SIN — ► SIM, 

where the last map is the looped inclusion. 
Next we construct a map 

g-.SlS^ 1 — QM, 

which is the integral analogue of the map / in the proof of Corollary 16.21 The 
construction begins along the same lines as that of the map / in Lemma 16.11 which 
we shall give a quick detail of. 

First consider the attaching map 

S 4m-2 M for the ( 4m _ 1 ^_ cell of M _ By 

localizing M at each prime p and applying Proposition 15 .31 [£] must be of order 

s =_U t Qi s ', so £ factors_through a map P 4m_1 (s) M. We then let P 4m - 2 (s) -C 
f2M be the adjoint of £. The restriction of the map 

g:P Am - 2 (s) X SIM — ► SIM 

to the bottom sphere S 4m ~ 3 is null homotopic since it is the adjoint of S 4m ~ 2 
M — ► M, which itself is null homotopic. Then g factors through a map 

By the universal property of the James construction for SIS , g extends to the 
map g detailed above. 
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Using of the following well known proposition (see |13j for example) , we consoli- 
date our previous work localized at odd primes p to prove the integral classification 
in part (ii) of Theorem ll.il 

Proposition 7.1. A map X — ► Y of finite type l-connected CW -complexes is a 
homotopy equivalence if and only if it induces a homotopy equivalence localized at 
each prime p. 

Proof of Theorem \1.1\ vart (ii). Combine our maps to obtain the composite 

t- Q x US 4 ™- 1 QM x OM ^ OM % QN. 

Notice a S 2m {q r } factor in Q has trivial mod-p homology when q is prime to p, 
and thus is contractible when localized at p. The maps rj and g localize at p e Q 
to the corresponding maps <f> and / in composite the composite (|16|) . so V'(p) is 
the composite (|16p . On the other hand, tp(p) reduces to a homotopy equivalence 

QSip) -1 — > when localized at p e V - Q. Now applying Lemma 17. li -0 is 

itself a homotopy equivalence. 

Let G be the homotopy fibre of M — ► N. The homotopy fibration sequence 

nG —> ftM riN 

therefore has a homotopy cross-section given by the homotopy equivalence tp, and 
as such there are homotopy equivalences 

nGxQx ns 4 " 1 ' 1 -nGxfiN- qm. 

The homotopy type of Q clearly depends only on the homotopy type of the 
(4m - 2)-skeleton M. To complete the proof, we need to show that the homotopy 
type of ftG also depends only on that of M. 

Let I be the quotient M/N. Localized at p 6 Q, 7( p ) is homotopy equivalent to 
the wedge J in Theorem 16.41 The localization G( p ) is contractible when p eV - Q, 
since p is a homotopy equivalence in this case. When p € Q, G( p ) is the homotopy 
fibre F in Theorem 16.41 and we have shown that the 2m-skeleton of F is J ^ J( p ) . 
Thus / is the 2m-skeleton of G. We can now carry forward with a construction 

similar to the one in the proof of Theorem 16.41 and produce a map 

whose localization 7^ at p e Q is the homotopy equivalence HV x J F in the 
proof thereof. Localized at primes p € Q, is also a homotopy equivalence, since 
here both G( p ) and (fiiV « I)m - 7( p ) v It p ^ a CINm are contractible. Lemma I7TT1 
now implies 

G^flVxI. 

The homotopy type of N is depends only on the homotopy type of M, and so the 
same applies for /, and consequently for G and flG as well. 

□ 
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